Abstract. We consider four-dimensional spacetimes (M, g) which obey the Einstein equations G = T, and admit a global spacelike G 1 = R isometry group. By means of dimensional reduction and local analyis on the reduced (2 + 1) spacetime, we obtain a sufficient condition on T which guarantees that (M, g) cannot contain apparent horizons. Given any (3 + 1) spacetime with spacelike translational isometry, the no-horizon condition can be readily tested without the need for dimensional reduction. This provides thus a useful and encompassing apparent horizon test for G 1 -symmetric spacetimes. We argue that this adds further evidence towards the validity of the hoop conjecture, and signals possible violations of strong cosmic censorship.
Introduction
One of the outstanding problems in classical general relativity is that of the hoop conjecture, which puts forward a necessary and sufficient condition for horizon formation in gravitational collapse: "Horizons form when and only when a mass m gets compacted into a region whose circumference in every direction is C 4πm" [1] . Despite inherent ambiguities in the definitions of horizon, mass, and circumference, no known counterexample appears to exist [2] . In this Letter, we aim at providing strong evidence towards the "only if" part of the conjecture, by showing that, if mass can only be confined along two spacelike directions then apparent horizons cannot form. Our result precludes thus examples that would otherwise be blatant violations to the conjecture (e.g., infinite spindle-like configurations clothed with apparent horizons).
Thus motivated, we consider four-dimensional spacetimes (M, g), with the minimal assumption that they admit a one-dimensional Lie group of isometries G 1 = R acting on a three-dimensional submanifold M, such that M ≈ R× M. In the presence of one global spacelike Killing vector field (KVF), Einstein's equations for (3 + 1) vacuum gravity are equivalent to (2 + 1) gravity coupled to matter fields related to the norm and twist of the isometry-generating KVF [3, 4] . In the presence of matter, the resulting dimensionally reduced system consists of (2 + 1) gravity coupled to an effective three-dimensional stress tensor
where (3) T g contains the four-dimensional metric's two gravitational degrees of freedom, and (3) T m is the dimensionally reduced stress tensor containing the 'true' (i.e., from the four-dimensional stress tensor) matter degrees of freedom.
The two key ingredients in our analysis are: (i) the dimensional reduction of the (3 + 1) problem to (2 + 1) form, enabled by the global isometry, and (ii) a theorem by Ida [5] , which provides a sufficient condition for the absence of apparent horizons in three-dimensional spacetimes. The program is then to take a G 1 -symmetric fourdimensional spacetime, perform the dimensional reduction, test for the absence of apparent horizons in the dimensionally reduced picture, and then go back to the full (3 + 1) system and use its topological product structure to infer the topology of the apparent horizons that cannot exist therein. Natural geometrized units, in which 8πG = c = 1, are used throughout.
Dimensional reduction
Lemma 1. Let (M, g) be a four-dimensional spacetime obeying the Einstein equations G[g] = T, and let ξ µ be a globally defined spacelike Killing vector field whose space of orbits induces a three-manifold M = M/R with Lorentzian three-metric (3) θ. The field equations for (M, g) are equivalent to G[
Proof. We adopt Moncrief's U (1) reduction approach [4] , and begin with a fully general four-dimensional spacetime (M, (4) g µν ) and take the KVF to be ξ µ = (∂ x 3 ) µ ; then (4) g µν may be written as
where |ξ µ | = e φ , hatted Greek indices range over {0, 1, 2}, and θμν is the threedimensional Lorentzian metric induced on the quotient manifold M ≈ R × Σ (where Σ is a spacelike two-surface) which admits an ADM decomposition
where the indices (a, b, ...) refer to two-dimensional quantities on Σ. One may then regard θμν as the natural induced metric on M, and view φ as a smooth function, and β 0 dt +β a dx a as a smooth 1-form induced on M. Introducing momenta (p,ẽ a ,π ab ) conjugate to (φ,β a ,σ ab ) in the usual way, the Einstein-Hilbert action per unit Killing length (i.e., integrated over U = [x 3 , x 3 + 1] along the Killing direction) is
The constraint equations for the action (3) I arẽ
and are equivalent to the four-dimensional constraints, restricted to the assumed symmetry class. Using the equations of motion for the canonical variables, the action (4) can be written as
where µ θ ≡ det(θμν), and
I g is thus just the canonical action for pure (2 + 1) gravity, and
I g m is the "matter" action associated with the fields φ andβ a . The canonical stress tensor associated with
which has the form of a massless scalar field coupled to a source-free "electromagnetic" field.
We now include a four-dimensional matter contribution. The total action per unit Killing length is
Rd
I g +
where (3) I g and (3) I g m are given by equations (7)- (8), and
L m m is the dimensionally reduced 'true' matter action, which is related to (3) T m in equation (1) via
How does (3) Tμν m relate to (4) T µν ? From equation (10) and the definition of stress tensor in terms of a Lagrangian, we have (recalling that
and hence, using equations (2) and (10)- (11),
where (4) Tμν m is the projection of (4) T µν onto the submanifold orthogonal to the orbits of ξ µ :
Summarizing, the four-dimensional Einstein equations (4) G µν = (4) T µν in the presence of a global KVF of translational type are equivalent to the (2 + 1) system
µν , where the first term (cf. equation (9)) contains the contributions of the four-dimensional gravitational degrees of freedom (the fields φ andβ a ), and the second term (cf. equation (13)) the true matter degrees of freedom. 2 Lemma 2. The stress tensor (3) T g can always be given, at least locally, in terms of wave-map fields.
Proof. The solution to the constraintẽ a ,a = 0 on the two-dimensional spacelike submanifold Σ will depend on the latter's topology. For Σ ≈ R 2 , from the Hodge decomposition of 1-forms [6] it follows that one can globally define a twist potential
such thatẽ a ,a ≡ 0 everywhere. If the first Betti number of Σ is non-zero, the Hodge decomposition ofẽ a yields an additional harmonic 1-form term, which can be made to vanish locally but not globally on Σ. However, since all of the subsequent arguments in this paper will rely solely on local analysis, the R 2 topology choice for Σ is not detrimental, and we shall henceforth adopt it. Using equation (16), one replaces the explicit dependence of (3) I on (β a ,ẽ a ) by that on (ω,r), wherẽ r ≡ ( √σ /Ñ )(ω ,t −Ñ a ω ,a ) is the canonical conjugate momentum to ω. In terms of these new variables, 
where the fields Φ A = φδ
2 define a mapping between the (2 + 1) Lorentzian spacetime (M, (3) θ) and a Poincaré plane target space V ≈ R 2 , with Riemannian metric h AB = diag(2, e −4φ /2). From Hamilton's equations, it follows that the equations of motion for Φ A are just the critical points of the functional (17):
where Γ A BC are the Christoffel symbols of the metric h AB . Equation (18) is the socalled wave map equation, whose solutions are known as wave maps [7] . The canonical stress tensor associated with the wave-map fields Φ A is
where the dot denotes scalar product in the metric h AB of the target space. One can readily check that Tμν is divergence-free:
where the last equality follows directly from the wave map equation. 2 Lemma 3. The stress-energy tensor associated with wave-map fields obeys the dominant energy condition.
Proof. In what follows, , denotes the inner product in a (N + 1) Lorentzian metric (with N ≥ 2), and the dot denotes the scalar product in the Riemannian metric of a target space of arbitrary dimension. The dominant energy condition (DEC) states that [8] , for all future-oriented timelike vector fields v, the flux vector field j = − T, v is future-oriented and non-spacelike. For wave-maps Φ, we have (cf. equation (19)):
and thus
which is nonpositive for v, v < 0, i.e., j is non-spacelike for every timelike v. Now, since v is future-oriented by assumption, j will be too provided j, v ≤ 0. From equation (21) this condition reads
An obvious sufficient condition for the inequality to hold is
One now introduces locally Gaussian normal coordinates {x µ } = {τ, x i }, with i = 1...N , wherein u, w = −u τ w τ + Ω ij u i w j , and then rotate the basis vectors such that v = ∂ τ . The inequality above reads then
which is evidently satisfied, since both Ω ij and h AB are Riemannian metrics. 2 Lemma 4. Let {T i }, with i = 1...n, be a collection of stress tensors defined on a given spacetime. If every T i obeys the DEC, then the tensor T total = i c i T i , with c i ∈ R + , also obeys the DEC. Proof. We first show that, if T i obeys the DEC, then c i T i also does. Denoting j = −c i T i , v , we have
since T i , v , T i , v < 0 by assumption. We also have
since T i , v , v > 0 by assumption. We now show that T 1 + T 2 obeys the DEC; the main result follows by induction. Denoting J = − T 1 + T 2 , v , we have
The first two terms are non-positive by assumption, and the last term is also nonpositive, since each w i ≡ T i , v is future-oriented and non-spacelike, whereby w 1 , w 2 ≤ 0; thus J, J ≤ 0. The future-orientation of J follows straightforwardly:
since each T i , v , v ≥ 0 by assumption. This completes the proof.
θ) be a (2 + 1) Lorentzian spacetime satisfying the Einstein equations G[
T. If (3) T obeys the DEC, then there are no apparent horizons in (M, (3) θ). The idea of the proof consists in showing that, if an apparent horizon A exists and the DEC is satisfied, then one could deform A outward, so as to produce a new closed surfaceÂ just outside A, which is contained in a trapped region, thereby contradicting the ansatz that the former is the (outer marginally trapped) outer boundary of a compact trapped region. We refer the reader to Ref. [5, 9] for details of the proof.
Absence of apparent horizons in
g µν ) be a (3 + 1) spacetime obeying the Einstein equations (4) G µν = (4) T µν , and let ξ µ be a globally defined spacelike Killing vector field whose space of orbits induces a three-manifold M = M/R. If (4) Tμν m (cf. equation (14)) obeys the DEC, then there are no apparent horizons in (M, (4) g µν ). Proof. Consecutive application of Lemmas 1 thru 5 implies that there are no apparent horizons in the dimensionally reduced spacetime (M, 3 θ), provided (4) Tμν m obeys the DEC. To go from the (2 + 1) picture to the full (3 + 1) spacetime, one must first define what one means by apparent horizon in R-symmetric spacetimes ‡ We shall define apparent horizons in R-symmetric spacetimes as topological S 1 × R spacelike two-surfaces which are outer marginally trapped, and are the outer boundary of a (non-compact) trapped region along the two spacelike directions on the quotient submanifold induced by the orbits of the KVF.
The proof proceeds by reductio ad absurdum: assume that an apparent horizon exists in (M, (4) g µν ), and then show that this implies that the reduced (2+1) spacetime also contains an apparent horizon, which contradicts Ida's Theorem. Let us then assume that there is a spacelike hypersurface (3) Σ which contains the two-surface (2) A ≈ S 1 × R, which is the outer boundary of a trapped region, and satisfies
‡ The translational symmetry precludes apparent horizons from being homeomorphic to S 2 -the standard topology in asymptotically flat spacetimes-since one can always continuously deform any such surface along the symmetry direction (e.g., by cutting the surface along a two-plane orthogonal to the Killing direction and glueing the two parts by a topological cylinder of arbitrary length), whereby the property of outer boundary of a compact region is lost.
where (4) l µ is the vector field tangent to future-oriented outgoing null geodesics orthogonal to (2) A. Now take a spacelike two-surface
where C has tangent vector field (3) tμ and future-oriented outgoing null normal (3) lμ. Consider now the (2 + 1) spacetime obtained by the Cartesian product R × (2) Σ, with three-metric (3) θμν. In order for C to be an apparent horizon in the reduced (2 + 1) spacetime, one must have:
Since (4) l µ is given by the choice for (2) A subject to condition (30), and the objects {φ, β 0 , β a ,σ ab } are determined by the field equations, in each of the three conditions above the only free functions are (unsurprisingly) the lapseÑ and shift vectorÑ a of the three-metric (3) θμν. Conditions (31)-(32) lead to a coupled system of two seconddegree polynomial equations for the three variables {Ñ,Ñ a }, which one may solve for N a for a givenÑ . Condition (33) is then a linear first-order PDE of gradient type forÑ , wherein existence and uniqueness follow from standard linear PDE theory [10] . That is, given any hypersurface (3) Σ with an apparent horizon in (M, (4) g µν ), one can always (by appropriate gauge choice for θμν) slice (3) Σ so as to produce an apparent horizon in the quotient (2 + 1) spacetime. This contradicts Lemma 5 (Ida's Theorem), and thus apparent horizons cannot exist in (M, (4) g µν ). 2 The implications for the hoop conjecture are obvious: any G 1 -symmetric spacetime whose dimensionally reduced stress tensor obeys the DEC is free from apparent horizons. This adds strongly to the "only if" part of the conjecture, by excluding cases that would otherwise be blatant violations (mass is confined along two spatial directions and yet an apparent horizon forms). The absence of large data global hyperbolicity results for the (vacuum or matter-coupled) Einstein equations with G 1 isometry allows, at least a priori [11] , for nonspacelike singularities, which would be at least locally naked, since all nonspacelike geodesics emanating from them would be untrapped, thus in potential violation of the strong cosmic censorship conjecture.
